The crossing number of a graph G is the minimum number of pairwise intersections of edges among all drawings of G. In this paper, we study the crossing number of K
(The product is also known as direct product, cardinal product, cross product and graph conjunction.)
Computing the crossing number of graphs is a complicated yet classical problem. It is proved that the problem is NP-complete by Garey and Johnson [7] .
Zarankiewicz [14] gave a drawing of K m,n , which demonstrated that
The equality holds for min(m, n) ≤ 6 [11] and 7 ≤ n ≤ 8, 7 ≤ m ≤ 10 [13] .
Gue [8] and Blažek and Koman [4] gave a drawing of K n in a cylinder (homeomorphic to a plane, a sphere), which demonstrated that
The equality holds for n ≤ 12 [2] .
De Klerk, Pasechnik and Schrijver [5] proved cr(K m,n ) ≥ 0.8594Z(m, n) and cr(K n ) ≥
0.8594Z(n).
In literature, the Cartesian product has been paid more attention [1, [15] [16] [17] , while
Kronecker product has fewer results on the crossing number [9] .
In this paper, we study the crossing numbers of K n,n −nK 2 and the Kronecker product K n × P 2 , K n × P 3 , K n × C 4 . In Section 2, we give upper bounds of cr(K n,n − nK 2 ) and cr(K n × P 2 ) by constructing a drawing of K n,n − nK 2 in a cylinder. In Section 3, we give upper bound of cr(K n × P 3 ) by constructing a drawing of K n × P 3 based on the drawing of K n,n − nK 2 . In Section 4, we give upper bound of cr(K n × C 4 ) by constructing a drawing of K n × C 4 based on the drawing of K n,n − nK 2 , too. In Section 5, we give lower bounds
2 Upper bounds of cr(K n,n − nK 2 ) and cr(K n × P 2 )
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Figure 2.1: Drawings D n for n ≤ 13 cylinder can be 'assembled' from a polygon by identifying one pair of opposite sides of a rectangle [3] .
From drawings in Figure 2 .1, we have
For even n ≥ 6, let
In drawings D n with even n ≥ 6, vertices a 2⌈
⌉−2 (a 0 , b 1 , · · · , a n−2 , b n−1 ) of X (Y ) are placed equidistantly on the perimeter of the top (bottom) disk, edges of E X (E Y ) are drawn on the top (bottom) disk, and edges of E XY are drawn by shortest helical curves on the cylinder. It follows
For even n ≥ 6 and n mod 4=2,
For even n ≥ 8 and n mod 4=0,
For even n ≥ 6,
Hence, for even n ≥ 6,
So we have the following Lemma 2.2:
For odd n ≥ 5, let
In drawings D n with odd n ≥ 5, vertices a 2⌈
are placed equidistantly on the perimeter of the top (bottom) disk, vertex a n−1 (b n−1 ) is placed on the center of the top (bottom) disk, edges of E X (E Y ) are drawn on the top (bottom) disk, and edges of E XY are drawn by shortest helical curves on the cylinder. For 0 ≤ i ≤ (n − 3)/2, edges a n−1 b 2i (b n−1 a 2i ) are drawn on the top(bottom) disk, and edges a n−1 b 2i+1 (b n−1 a 2i+1 ) are drawn on the top (bottom) disk and cylinder. It follows
.
By Lemma 2.2,
2 ⌋. So we have the following Lemma 2.3:
By Lemma 2.1-2.3, we have
3 Upper bound of cr(K n × P 3 )
In this section, firstly we introduce some topological tools, and then we give a drawing
We define a structure M 2 l,r in the real plane R 2 . For the vertical points (0, 0) and (0, 1), By counting the crossings in M 2 l,r , we have Lemma 3.1. For positive integers l and r,
We construct a drawing
for even n. Vertex a i (b i ) (0 ≤ i ≤ n − 1) in its "small" neighborhood in the drawing D n is replaced by two vertices 0i and 2i vertically (one vertex 1i). Now every drawn edge e in D n which starts from a i is replaced by a bunch of two edges described above, which is drawn along the original edge e. Drawings D ′ n for n ≤ 9 are shown in Each crossing in D n will be replaced by 4 crossings in D ′ n+1 , since we replace every edge with a bunch of two edges. By Lemma 3.1, for odd n,
For even n,
2 ⌋. Hence we have
We define another structure M 4 l,r in the real plane R 2 . For the vertical points (0, 0) and 
for even n. Vertex a i (b i ) (0 ≤ i ≤ n − 1) in its "small" neighborhood in the drawing D n is replaced by two vertices 0i and 2i (1i and 3i) vertically. Now every drawn edge e in D n which starts from a i (b i ) is replaced by a bunch of four edges described above, which is drawn along the original edge e. For even n ≥ 4, by drawing edge l 0 i,1
(or l 1 i,1 , r 0 i,1 , r 1 i,1 ) carefully, 2n 'self' crossings can be reduced. Drawings D ′′ n for n ≤ 9 are shown in Figure 4 .2.
Now, we consider the cases of n ≥ 3. Each crossing in D n will be replaced by 16 crossings in D ′′ n+1 , since we replace every edge with a bunch of four edges. )−n(n−1)−2n for even n. Notice that we have to subtract |E(D n )| = n(n−1)
since the 'self' crossings of each bunch are counted twice (namely both of the endpoints).
By Lemma 4.1, for odd n ≥ 3,
Hence we have
5 Lower bounds of cr(K n,n − nK 2 ), cr(K n × P 2 ), cr(K n × P 3 ) and
We shall introduce the lower bound method proposed by Leighton [12] . Let G 1 = (V 1 , E 1 ) and G 2 = (V 2 , E 2 ) be graphs. An embedding of G 1 in G 2 is a couple of mappings (ϕ, κ) satisfying
such that if uv ∈ E 1 then κ(uv) is a path between ϕ(u) and ϕ(v). For any e ∈ E 2 define cg e (ϕ, κ) = |{f ∈ E 1 : e ∈ κ(f )}| and cg(ϕ, κ) = max 
Let K x m,n be the complete bipartite multigraph of m + n vertices, in which every two vertices are joined by x parallel edges.
According to De Klerk [5] and Kainen [10] , the following lemmas hold.
Now we are in a position to show the lower bound of cr(K n,n − nK 2 ).
Proof. By Lemmas 5.1, 5.2 and 5.3, we only need to construct an embedding (ϕ, κ) of
Then cg e (ϕ, κ) = (n−2)(n+2) for every e ∈ E(K (n−1)(n−2) n,n ).
This completes the proof of Theorem 5.1.
Similar to the proof of Theorem 5.1, by constructing an embedding (ϕ, κ) of K (n−1)(n−2) 2n,n into K n × P 3 with congestion cg(ϕ, κ) = (n − 2)(n + 2), we can get And by constructing an embedding (ϕ, κ) of K (n−1)(n−2) 2n,2n into K n × C 4 with congestion cg(ϕ, κ) = (n − 2)(n + 2), we can get 
